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- At eitremely high temperatures atoms are stripped of all or most of
their electrons. The mean free path of the electrons moreover is proportional
to the square of their kinebtls energy. <he eleotroms will therefore cause the
lonlzed gas to conduct both electricity and heat quite easily, By solving the
Boltzmann equation for assumed gradients of denslity, eleotric potential and
temperature, we find the velocity distribution of the electrons as an expansion
in laguerre polynomials. From the first two coefficients of this expansion we
find the electric and thermml conductivitieso. The long range of Coulomdb forces
leads to difficulties (divergent integrals) if one restricts the discussion to

binary collisions. This is avoided by considering a shielding effect due to the

reurrangement of the electrons in the neighborhood of a colliding pair.
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TRANSPORT PHENOMENA I

UNCLASSIFIED

A MIXTURE OF ELECTRONS AND NUCLEI

A% extremely high tem
their elec'l;.ronsc The free elec
electricity and heat quite easi
of gases to find expressions f¢
the free electrons due to grad!
do this one has to deterxﬁine tl
from the Boltzmenn equationo 1
wherein ﬁhe heavy particles shi
is not necessary to assume the
tureo We shall, however, not
time~independent distribution .

problem with all gradients and

distributiop, we try the formj

eratures atoms are stripped of all or most of
rons oause the lonized gas to conduct both

y-o This investigation uses the kinetle theory

- ti\e électric and thermal currents carried by
ents of denslty, potential and temparaturel) o To
o velogity distribution function of the electrons
e shall treat the problem in the approximation

w no deviation from the Maxwell distribution. It
electrons end the nuclei to be at the seme tempera~
onsider the resulting heat exchange and assume

unctions.

!

We confine ourselves to the linear

curronts in the x direction. For the electron

,d(x, '%') ='f(x,v

with f(x,v) =a g

3 ,(-3/2e-ﬁ2 v

[1 + vxh(vﬂ (1)

(1a)

n =n(x), ,6:?;8(:;) = ,/m/akTe

n 1is the number of eleotrons Iper Q

3

n' e

- ! . ’
For the puclei of type i, we s.:s;;muo a distribution

. ’}

Ni = Ni(x)

—— ———me

g

'
[

i

B;'zBi(x) = /Mi/ak'fi

2
i 3/2 =B;%v

1) The method used here 5§ od
in thoir book "The Mathét.n:t}'&i

ft
1

v
.
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1:Thédryd ofNon-Uniform Gases" (Cambridge, 1939).
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1:\,5.1:&.9' one desoribed by Chapman and Cowl
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The Boltzmann equation can be written as

D) =< 3 (.0 - z;aeiw.ﬁ‘i) @
where

D(F) = v, %ﬁi + £ gg_-. . (o = =48 x 20" Pesu) (32)
Seol) = ([woq(ve) .{mml) - SEAE 0] o3, an (L)

% =¥ .o ¥, 0 is the angle between ¥ and W', and A0 is the element of solid
angle in the direction of W' 'cea(we) is the cross section for eleotron-electron

scattering. Similarly for the collisions with nuclei we have
gy (F,) = Sgwioei(wiq) {m’(:})pi(vi) - pf(#v)Fi(vi«)} ¥, a0 (58)

The atandard procedure to obtain an approximate solution of the Boltzmann
equation is to replace D(F) by D(£) but leave £ unchanged on the rightehand

sideo If we do this the left-hand side can be expressed in the following manners
We note first that:

1 5 1 dn 1 47 2.2

FETF & CEa W24V
and

1 of 2

T &, =" 28 %

which by combination leads to A
a7

() = [..%_ Z. Ego - ﬁ -2 (3/2 -ﬁavag vt (30)

On the right-hand side of (la) we substitute £ from (1), and obtain:

Joo @ ngee(we)f(v)f(vl) wh(v) + vy h(vl) - Vy 'h(v')-le' h(vl'} d#ld.Q_
' (Lb)
{dibjithe; oBdcywation that the heavy partlcles

g 080 be greatly simpl.’!f
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are much slower than the electrons so that w; oan be replaced by vo In addition,

the only important collisions are those for whioch 1 - cos 84 1 so that

vi'= vy and v? ¥ Ve We may thorefore write:

Jgy = VE(v)h(v) Sg g1 (VO Fy (v;) (v, - v, 0)aFan

The integration with respect to v3 can be oarried out at once and leads to:

. T
Wo note again that v'22 v and express o thus ¢ o
. > X
vx" « v(cos o cos @ + sin g sin @ cos f)
Integration with respeot to # leads then to:
>
v

dot = aﬂﬂivf(;r)h(v) Soei(ve) (1 « cos @d(cos o)

The oross section for collisions between electrons and nuclei with charge 4y

- (Rutherford scattering) is:

) Z.ea 2 -2

oy ={ - (1 - cos ©)
N

We can thus reduce Jei further to:

Jog = LMW, % £{v) h(v) ' (5b)
where ,
| .
r=g § (2 - cos &% a(oos 0) - 6)

This last integration is carried out in Appemndix I. After we enter (3b), (lb),
end {5b) into the Boltzmaun equetion (2) we are left with the problem to find
h(v) from it. Tﬁis can be done by expanding h(v) in terms of laguerre polynomialaa)
In particular we shall use the polynomials of order 3/2 and write for brevity:
L9 =172 (g

2) For a disoussion of the propdrtigs $f LHese polynomiale the reader is referred
to Chapter &5 of SZEGO, O2ifiggedrsfl RVlydenidtlse

\ % UNCLASSIFIED
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The L, form a complete set and can be derived from their orthogonality relation:

® 32 s _ [ + 5/
So P2 (e = HELIE %

and L (¢) = 1o We note also that Ll(c) =5/2 « 8o

We exprese (3b) in the form:

D(f) = [(-15 % - g- + ,]1‘;: 9%-_-%) Lo(ﬂava) - %«;dT Iy (182112)] v £ (30)

and substitute:
w

hiv) = o Ly ( peva) (8

. s =0
into (Lb) amd (Sb)o
2
We now multiply both sides of the Boltzmamm equation by v b ,8 vz) and

integrate over d¥; On the leftohand side we obtain, using (7):

‘-
'

“Abp, = BOy, | (9

where we have sebs

A:(eE - R | dTe) n
' K, "8 & “F, &) p® (20a)
i1 4T Sn
On the right-hand side we obtain: = ZCH..
: e i
where B, =B + Zi B.a

e -1
and where the H s and 5:-3 are defined as follows:

nfa° BSS %o, e(we) £(v)e (vl) ver( ﬁ 2va) A(vxL;} d?d?ldﬂ. (11)

28 = (N +e(F) - e(F) - glh » (12)

b
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The problem now consists in solving the set of equations

s,y 480y, = Loy, -

for the ococefficients OBo Actually we will need dnly the first two coeffiocients.

We can write the curreant:

*A‘j"-: Sva S-S\;‘;e £ G,L‘d? = -2-2 o (19)

\-)

2p

and the heat current

2 .
my - 2 >
Q "_X"é" v ¥ = k1 S(s/a Ly = Ly)v,” £ 3C,L 67

(16)
Q= ?—?2 (cy - kT,
It is convenient to take a factor:
po= 9-3—@ ’-“393- ) Ly ' (17)
out of the matrix elements and to write: , .
Heg = phyg ' (18)

¢, and Gy can be written formally in terms of the dimensionless matrix

elements h" as follows:

UNCLASSIFIED

D FOR PUBLE| C* RELEASE

APPROV

M




APPROVED FOR PUBLI C RELEASE

' Lk UNCLASSTFIED
I A
——
A o1 hoeooo hOO A hoa‘..°
B b, hee o B hyp o
0 hy  heee Ry O hap oo
. - - - - N
Co =BT 3 Gy = wto- (29)

hoo Boy  Bgp eee Boo  Boa  Poz eee
hyo Byy  Bypees hyy By by esof

o by By hao By By e

However, these determinants are infinite and the following limiting process is
used to get convergent results. We out both pumerator and denominator
determinants off beyond the row and columm carrying the index n, take the

ratio, and repeat with larger n. To ocarry this through we write:

D(n) _ hOOhOI oooooo-hon

(20)
hnohnlo.......hnn
we also use tho minors nik(n) vihich are obtained by deleting the ith row and the

kth columne

Then we form

()

R Pl _ g4p (21)
[~
ik D B ~3 D n

SR g
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By substitution into (19) we obtain:

wl -1
Co = (AR, = BRy)p ¢, = (..ARO1 + Bnn)p (22)

The limiting process (21) can be carried through by means of a theorem on

7,
determinants by Sylvester) ) o From this theorem we obtain the relation:

(n) (n+1)
D D nil k| _ D(n-l-l) D(rilz:
D(n+l) D(n'i'l)
i,n+l ik
so that
(a+1) (n) (n4) (an)
Dy o P_@_l_c__: . Dina Pnuk
Pt pin) p® plo+1)
and further:
(1) a_ (3 (3);, (3 » |
Dik . D D Di )]
Rik = W + —:%17—;%%) +' 13)(2} 2%3) + oacc (23)

It is interesting to note a simplification which is introduced if ‘one imposes

'bl}o condition J = O or its equivalent 0° = 0o In this cese we can eliminate
A from (22) and obtains

=1 D34Dan - D «1 D
c, mut 212%0 0% 5t ;o (21)
D Dyq 00
by another appliocation of Sylvester®s theorems We therefore do not need the
zero row and column of our matrix if we only want the hext conduotivity. If,

howover, we also want to know the value of A, that is the electric field in the

oase ] =0 or if we vant the coefficients in the more general case when 3 £0

wo have to use the complete matrix.

3) BSee e.g. Kowalewski, m?zgﬂmg)igugﬁ:mrm, theorem 300
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e ... 300 ... :.. %l
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. e L

[ J . o 4

3

L ]

..3 .:': ;0'... :ot ]

By combining (10a), (10b), (17) and (22) we are led to the squations:

-l 2 '5/2
. A m kT oE 1 dn- 1 at 1 4T
W (?) | 759) Kﬁ; TE T 33"91{00' 'Z"T;’ & Roz] (25)
-1 5/2 |
= 75& g; k7 1 4ar oF ldn 1 4T
1= 16 /27 \e O kTq - T, T (301*311)'*51& “ndx T,
(26)
Q‘oo + R01)]
wo are particularly interested in the.case j = O where we find:
1l dn 1 4T
HeiE s (2¢ i-gg-) (27)
s

-1

7 - R
) (o) (R“R“ SR ) )
That is we get for the heat conduotivity:
2 2,2 5/2 '
= 152 - Rg e kT
o (e () ()

In this formmla ¢ was introduced to put the dimensions of k into evidence.
the value of A see equation (46).

For

The integrations (11) and (13) are carried out in Appendix II. The

matrix h,, is ssen to depend on an effective nuolear charge:
2
LN;Z :

The computations were carried through for % value of 1,2, 2.5, 3 and oo The

caso Z = o means that the term br: resulting from electron-elsctron scattering

was negleoted. This case ig,very .1mpox;be?$;.b?oause the Boltzmann equatioﬁ can

DRI UNCLASSIFIED
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also be solved in & closed form, so that we are able to cheok our theory. The

table below shows the first L terms and their totals of the series for ROO’ ROl

and R,.. Obviously we have Rlo

= R.. on account of the symmetry.

It also shows

11 01 s
the importent combinations, 1 +§ 11:% Aod = 6% RO%" R0l uhich
ecour in (27) and (29)o
Z - 3 2 205 3 @
Terms of Ry, o
1st | 1.9320 101590 9748 8430 32500 Z°F
2nd 0179 40015 .0002 .0000 2406 22
2rd «0117 <0023 L0011 .0005 <0039 2z
Lith 20041 20006 ,0002 0001 00005 z=1
total 1.9657 10163l «9763 -8L436 303950 Z-1
Terms of Roi o
18t | 6213 - o1i393 03832 03398 1.5000 z"i
2nd |- .0668 «+0192 «00063 00027 oB625 27
Zrd «0053 20011 ~0006 o000l wo023h, 2-1
Lth |- <0015 »00005 «00003 «o0001 =o001L 2=}
total 05583 <207 3772 o§u28 2.0377 2-1
Terms of Ry, ' ‘ '
-1
1st o2 02929 025595 02265 1.0000 2
end 2l 02532 o2l 02360 2.2500 z-1
3rd 0002l 000 0000l 0003 01106 Z“i’
lith 0005 000k 20003 0002 -0039 273
total 06665 o Shli3 « 5002 o630 3.394L45 2
Roy ' :
1+ 1.710 1o Oh 10966 2.0316 20500
2 o 7 % ! 5005
2
15 (RooRn-%; } Sk EREPTN EWAEY —952 ) gt
1642 R0 4 N qq‘igv__ 1334 L6l29)l . . Gos o, 0607
For large Z we obtain by combining (3b) and (50):
1 dn o 22 1 ar 22 4
£ 3 RSN A N (51)

L4 J00
® 2 [

L [ &
L] [

oncoo
(L X X]
(T X T Y]
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FPor the slectron and heat currents we have:

j={vdat = j vfhéd? = %Ivahfd:v)' (32)
q= j 5 v e} = 3 B [vHnesd (33)
To carry these inteérations through we need:
Sv5 £ dv = ann'l/alg -3 je3e°€ds = 2ar /2 B 3.3 (3L)
and Similarly
S viga¥ = 2nn'1/2/5 Tk !" | (39)
S Oeah = 201/ 26951 | (36)

We substitute h(v) from (31) into (32) and (33) and use the integrals
(3L), {35), and (36) to'obtam

= .8 .-1.1 2kT5/2 1 dn 1 ar -
J -;l——é-nl ZA (e ( ) H"‘;{ "22‘53‘ E{9 (37)

2\ 5/2 : '
L 32 -1 .1 (e kT 8 1 dn 7 1 4T
=T e ”(ﬁe'z &"F a';"-) (38)

Comparing these equations with {25) and (26) we see that the following equalities

ghould exist:

%Roo =% ™ %(Roo + 2'301) = 2 2
112

1 L %321 7 2
§ RootRoy) = 2273 & By +Ry +ERoo *5Ry) =% z
That 1s ws should have: '

- "'1 1
Ry =R, = gﬁn z* = 3,395,305 2, R, = -g- = 2.05718 2~

m.....
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and for the derived quantities:

R - R..2 4.0638"
143 g =e5 s gl ORI ia SR o gamen”

| Roo nf2w
These values agree very well with those listed in the proceding table, so that

wa can be quite confident of the velidity of our general methedo

.
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APPENDIX I. CALCULATION OF A

The integral A given by (6)
A é— X:z (1 - cos 9)-1 d cos e=% a1 - cos @) | :2
1 . 1l

diverges if one uses 01 = O for the lower limito The reason is that the kinetio
theory, as it is used, restricts itself to the consideration of encounters between
only two particles at a timep The Coulomb force lew is, however, of such a nature
that the possivility of interactions between more than two particles muwst not be
excludedo Another, less catastrophie, difficulty arises out of the uncertainty
principle whioh excludes the possibility of headw-on collisione, because one has to
consider an electron as being spread out over a reglon of the order of magnitude

of its de Broglie wave lengtho Teo remedy the situation we, first of all, express

A in terms of the collision paramster po ,
: 2.2
S nv' 2 Po .
=z M1 "'( g-g) P ] ‘ (39)
e pl

The lower limit is, according to the uncertainty principle, the de Broglie wave
length. .That is we have:

P v B (10)
The expression: ‘ .
2
mo) o LML
('z?-') 5 TR

is in ocur case considerably larger then one so that we can leave the cne

ol

in front outo The same is obviously true at the upper limit so that

wo can write:
(43)

UNCLASSIFIED
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We chose the upper 1limit by excluding collisions which last longer than
the time during which the electron gas would be able to rearrange its
density distribution so as to give a shielding effect. ' The rate at which

this will take place ls determineé by the frequensy of the plasma vibrationsm °

w =/hﬂne§
™

(42)
The collision parameter will thus be given to the right order magnitude by
the relation
v 1
P2 ™ = (L3)
Thus we obtain: .
e
kT
= Lo N = g SKIg
Chw b tw (Lh)
or, after introducing (42) and rearranging to put dimensions into evidence:
2 L4
1,19  [%o) (kI =1 -3 ,
A= 5‘«&:& (*é‘) (*'2' A (B (L)
) 0o .
For convenience we introduce Avogadro's number N and obtain:
kTg
. L(;;z«) %.(2) (46)

Because of the slow variation with Te it will usually be sufficient to use

an average Te in this expression.

L) See Cobine, Gaseous Conductors (1941) pe 132,

APF;EI;EO;/;E:D{:QE: é::; :I;fC RELEASE “NCLASS‘HED
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APPENDIX II, CALCULATION OF THE MATRIX ELENENT§

In carrying through the iﬁtegmtion (1) one san replace

v a(v L) by ;— ENG L,) because the rest of the integrand is spherically

symmetrieal in the velosities. Let us furthermore express the velocities in

terms of the velacity % of the center of mass and the relative velocities W and W
of the two particles before and after collision:

x_ 2 1o i > 2 )
vau-l-é-w, '1?1--3«-%.?:, ?“:3-!-5?' v':--u-%?‘ L7
We shall collect these four equations symbolically in one and write:

?i =—L’\ + é‘zi (i = loooll.) . (L}B)

We further introduce the angle ®; by

%W =w cos ©, (Lo)
Thet means that @i assumes the values O, 1, 9, | LI - I
The Jacobian of the transformation (47) has the absolute value one so that
¥, = a%a¥. Now lets \
¥, = S £(v)£(v)) F -3 oA ‘"amf)aﬁ (50)

xz—'s——l-g » y= -il (51)

Then, oonsidering tho generating funotion of the Lugﬁerre polynomials:
-5/2 -~X& r '
D AP I ST (52)
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we can write:

Zr ng._%irv‘tsﬁrat" 3% Q _,9"5/2(1 _yl)-‘i/a Sgwee(we) (O + 2 - 2 - uh)d?vdn
| (53)

e
H.. @ppears thus as a cosfficient in expanding the expression (53) in
powers of g and Yl o Our next step is therefore to determine the integrals
M;o Introdusing (18) we obtain:

2 f 31 - p2 [(1+x)v2-w12—}yvia] > >

Introducing the substitution (47) we rewrite:

. (1 +x)v° + v12+ yvig = (u® +ﬁ.w2) (Rixy) +3 » (W + ¥wy)
=(2+x + y)ga-l- Jw2 (55)
where: > > .
B=u+22 39 ' (56)
2(2+x-1y) :
_2(0 +x +y) +xy(l - cos @3)
J 2(2 +x +y) ' ..(57)
(56) 1is simply a change of origin so that we have dff = dg. We express
31 in terms of 2 as
' 2 _a 2 .
Vy =8 + gy (58)
with: : o .
_ (20w - 5B .
(A P | (59)
Similarly wo have:
- (60)
with:
(61)
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Entering (55), (58) and (60) into (5l), we can carry out the integration

and obtain:

M = n'3/2 neﬂ & +x +7y)

- -1 A2
2 ik “2(g+,sace+x+y)zo 'E) @@

where B, g; oan be obtained from (59) and (61)

'éo°31= -(x+y+x?r)+(_a+x2+y+xy) cos @ w2 63)
2fa+x +y)

In order to carry through the integration (53) we set:

5/2

A= % n-'a/an2 p (2.+ x + y)°

X +y + Xy 2
B =
3(2+x +y) ’

2

c=2+x+y+xy '5

32 +x +y) (el

2+,2x+2y+xyp2
2(2,'*'" +y)

D=

xy 2

E= sanan? -

Thus we can write;

«(DE W
¥ =AQ - Bw2 +C oos@iwa ° ( cos © 1) : (é5)

Now we form AM; =Ml +u2- H3 - Mh and oxpand in powers of ¥y = cos & ~ 1.
Actually, we will need only the linear term of the expansion because the soattering
oross-section is proportional to ;2 so tha.{: the quadratic and higher terms give
small oontribution to the integral as compared with the linear termo

Entering the proper @ ; values we obtain:
2 2) - (D=B)v2

W = A(L - Bw +Cw)e
My = Al - Bwa.ﬁ_c-;vog ef,;s?)p:(?-‘.E cos )

o O
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P o-fol-

and by subtracting B

W - = go-(P-BI¥ [2 - B - eEw’a) ton (L (v 1)5‘"“3]

~(D-E)w® (67
= . A6 ( [(:1 - sz) E'.va + Cw2(1 + Eweil v + O(ve) )
M2 - Mh is obtained by simply changing the signs of C and Bo The oross-
section of e -~ e scattering is:
2,2 2
2
O‘ee = (# v ‘ . . (68)

We now determine the integral:
Sm“(we) (% - Hj)d;d.n.
2 202 2 -(D-E)Wa . .
= (}471) | A (-;5-) AJ L EE + c) - E(B = C)VEJ wiw (69)

22 '
= z0m° 3 (2 + ¢ E(B - C) .
v » (3 [sh":'i"‘(m%‘a]

and
- o= 2322' E+C . BB +C0)
S'“’ee("g " esas sen A(m A E B+ E O+ E)é] (70)

80 that:
. 22 2 P . B
> D°E + 2D°C - E°-~ 28DE
gm“widwdn. = 6y (.%) AR LY (1)

Now we have to expross (71) as a funotion of § and N o If wo set
a:(l-g)'l(l‘-vl)"l we £ind: |
24+x+y=(2-fanla
x4y +xy=(§+n-tia
2+x+ytay=(2~fan +§Q)a
.f,+2x+2y+xy=(2-'gvl)a

(72)

e QLD

P.. (3 ) ] o
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g
-1 §n- e
wl 2=f-n+8§N 2

°=3 25?-'( £

Wo enter these expressions into (71) and multiply according to (53) by

oo 0. =} 52 aa got: .
1 "1 =1,

ou RSP LB TCU T SIVES CLTCURS T
(1-5(§+V()) Y

where  is defined by (17)o We oan see immedistely that all elememts in the zero

(7h)

row apd zero columa are zeroo By expanding the expression (74) in powers of

¢ and "\ » we obtain the symmetrical matrix:

T o0 . 0 0 0 0 0 ")
1 3/° g/ 35/ —
hr: = /2 ﬁ 1.;5/2“ 309/27 885/29 - &( )
) 75.

5657/2%° 20349/212 —
uons/tt .

- : e

The integration (13) requires considarably less laboro The angular integration gives

a faotor L7 and if we further set S 2P =¢and use {2a) we have:
S o T
%’5 e %1 -q--: d.. LZ:(B’EI‘S sgze a6 (76)
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FEL DRI IS UNCLAYINED
.0:0030:...:.:::.:.. 3 "("4"4 n;
ERERES i X0 Ao

Tl el
.

as before, we make use of the generating fumction, and write:

i 2 -
P2t LR =”i:1 -0t r ke
2 o] .
N2, (1)
Ll 0L PR ol g

de

By expanding this in powers of f and N s WO obtain the symmetrical matrix s

-

(1 3/2 15/ 35/2“ 315/20
, .
.2 13/2 69/21‘L 165/27 1505/2°
4 '
Bl = ﬁ 133/2° 1077/27 10005/2'° > (78)
2957/28 2gos7/2tt
N | 28el7s/2*
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